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High-fidelity simulation

® An indispensible tool

 However, only a few simulations are feasible

barrier

Many-query applications
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© Require thousands of simulations
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* Uncertainty quantification
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Source: Andrieu et al., 2003

* Time-critical design

Goal: break barrier
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® Goal: ~100 detailed aerodynamics simulations per week during season
® Obstacle: 6 weeks on a supercomputer for one simulation
© Opportunity: costly analyses before season
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=M Offline/online surrogate strateqy
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full-order

inputs (u) —> nodel

—> outputs (2)

1) Offline
o full-order analyses

e build surrogate model

A\./'\‘_

>

® full-order analyses

output

Input
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=M Offline/online surrogate strategy
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inputs (u) —> SUrrnrgdgglte —> outputs (2)
1) Offline 2) Online
o full-order analyses e analysis with surrogate model

e build surrogate model

® full-order analyses

\‘0/'\‘\N— ® surrogate analyses
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D}z Surrogate-modeling methods
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inputs () —> z=f(u) —> outputs (2)

1) Data fits
e model input-output map

+ black-box implementation

- blind to physics

- curse of dimensionality
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D}z Surrogate-modeling methods

Laboratories

inputs (u) —> Iow?Tr]-;ﬁCclleellity —> outputs (2)
1) Data fits 2) Lower-fidelity model
e model input-output map e coarser mesh, omitted physics,
+ black-box implementation lower element order
- blind to physics + queries physics
- curse of dimensionality - limited speedup

output

Input
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D}z Surrogate-modeling methods
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inputs (u) —>

reduced-order

—odel —> outputs (2)

3) Reduced-order modeling

e Extracts dominant physical behavior from full-order model

+ physics computations + error bounds

+ can exploit prob
+ potential for hig

em structure - intrusive to implement

n speedups - difficult to derive

Rank = 200 Rank =: 10
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® ‘Mature’ for specialized systems

* linear time-invariant (LTI) systems
[Book: Antoulas, 2005; Willcox & Peraire, 2002; Rowley, 2005]

» elliptic & parabolic equations
[Book: Patera & Rozza, 2006; Veroy et al., 2003; Grepl et al., 2005]

® Nonlinear systems

» linearization + LTI method
[Chen & Kang, 2000; Bai, 2002; Rewienski & White, 2003]

* Proper Orthogonal Decomposition (POD)-Galerkin

[Sirovich, 1987; Lall et al., 2002]

» approximated POD-Galerkin

[ Grepl et al., 2007; Barrault et al., 2007; Chatarantabut & Sorensen, 2010; Galbally et al., 2010]
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® |ntroduction

* Objectives & background

» POD-Galerkin
® Gauss—Newton with Approximated Tensors
® Implementation

® Examples

GNAT nonlinear model reduction



Sandia : :
() Nt Projection

Laboratories

Offline data collection at training inputs

N
ST .

1. Collect snapshots of the state vector o >
>
@)
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Offline data collection at training inputs

1. Collect snapshots of the state vector

2. Compression

a. compute singular value decomposition

b.truncate U
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@ oo POD—-Galerkin
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Online

N o
| *5T c. * .
y =fly:t u) = -
O Input u
e Galerkin projection
reduce # unknowns reduce # equations
y=dy, CDT{)'/— f(y;t, u)} =0
0

~
~ —

)./r = CDTf((b,Vr; t, U)
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() Nt Benchmark: Ahmed body
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e Compressible Navier-Stokes (finite volume, AERO-F) >
» Re = 4.48 x10° » DES turbulence model
» Mo = 0.175 (134 mph) » Spalart—Allmaras RANS

» steady-state initial condition * At=3x 10
» 2"d order flux reconstruction * 82,074 degrees of freedom (dof)
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FOM (82,074 dof)
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@ = Galerkin ROM is not ‘discrete optimal’
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full-order model Galerkin ROM
a(v;x, t,u) =0
spatial
discretization |,
. Galerkin
Y (y u) prOJect/on) [y =@ f(cby ri L U)J
implicit implicit
time integration | | time integration
R"(y";u)=0 [CDTR”(CDy,”; u) = Oj
+Semi-discrete optimal: ®y, =arg min |y — x||2
x€range(®P)
C by £ ar min T — x
- Not discrete optimal: yr 7 ngrange(Cb) |y H
L Py #Farg  min _[[R"(x)]
x€range(P)
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@]ﬁ:%‘é‘:a. GNAT: main idea

© Goal: practical nonlinear model reduction

® Problem: POD-Galerkin often does not work
* lacks discrete optimality

© ldea: GNAT model reduction
» discrete-optimal approximations

» effective ‘'sample mesh’ implementation

» works on large-scale problems
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® |Introduction

® Gauss—Newton with Approximated Tensors (GNAT) [Carlberg et al., 2011]
» Approach
* Error bound

® Implementation

® Examples

GNAT nonlinear model reduction
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» Discrete-optimal approximations

|. Discrete full-order model » snapshot collection — compression

I |

= y l reduce dimension

5 | Il. Minimum-residual ROM=- snapshot collection — compression
I |

o \ reduce complexity

-

= [ 11.GNATROM

@)
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() i GNAT strateqgy
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»  Discrete-optimal approximations: minimize discrete-system error
over approximation space

I1l. GNAT ROM

( . _ _
|. Discrete full-order model » snapshot collection — compression
I |
- { l reduce dimension
= I Minimume-residual ROM-+ snapshot collection — compression
| |
. l reduce complexity
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Minimum-residual ROM  full-order model Galerkin ROM
a(v;x, t,u)=0

spatial

discretization |

[not deﬁned] y="Ff(y;t,u) —» [y, — <I>Tf(¢yr; t, u)j
implicit

time integration

\4

v = argmin |[R"(@x; u) 2] < R"(y" ) =0 (TR oy 1) =0

+ Discrete optimal

- Not defined at the semi-discrete level

® Other least-squares ROM methods: Legresley & Alonso, 20031;
Bui-Thanh, et al. 2008; Constantine & Wang, 2012
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- == FOM (82,074 dof)
GCJ 0.355 { — Minimum-res. ROM
g 'S (227 POD vectors)
'E Eq:) 035t | — Galerkin ROM
8 (227 POD vectors)
time (s)
0.345% | ' ' |
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100 ————e—o- o—— o . —
| — Galerkin ROM ; _
c 107" — Minimum-res. ROM | +eXp0nent|aI
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() i GNAT strateqgy
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. Discrete full-order model + snapshot collection — compression
| |
= . l reduce dimension
% 1. Minimlum-residual ROM- snapshot collection — comprlession
. reduce complexity
[ 111. GNAT ROM
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e Minimum-residual ROM iterations are

mini(mizeHJ(k)CDyp(k) + R,
p

k)

(k)
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e Minimum-residual ROM iterations are

minimize||J® o, ptk) + RK||,

p(k)
(k)

GNAT nonlinear model reduction
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@Naﬂonal. Small dimension z small cost
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e Minimum-residual ROM iterations are

minimize||J® o, ptk) + RK||,

p(k)
(k)

- Operation count scales with N

GNAT nonlinear model reduction
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® Goal: approximate the vector R%

® Given: i) some computed entries of R

ii) basis O,
® Procedure: minimize least-squares error at computed entries
) : ® computed
R e°8 ., e ® ® approximated
I I I I I I I I
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@ NgI(IigI?al Gappy POD COmpIEXIty I’ECIUCtIOn [Everson & Sirovich, 1995]

Laboratories

® Goal: approximate the vector R%

® Given: i) some computed entries of R

ii) basis @
® Procedure: minimize least-squares error at computed entries
) : ® computed
R e°8 ., e ® ® approximated
I I I I I I I I

» Also apply to each column of JR) g
+ Discrete optimality: least-squares fit of discrete nonlinear functions

+ Inexpensive: compute only a few entries of R
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. Discrete full-order model + snapshot collection — compression

| |

= y l reduce dimension

S | . Minimum-residual ROM - snapshot collection — compression
I |

o \ reduce complexity

-

= [ 11I.GNATROM

O

GNAT = discrete-residual minimization + Gappy POD approximation
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® Introduction

© Gauss—Newton with Approximated Tensors (GNAT)
» Approach
* Error bound

® Sample mesh

© Example

GNAT nonlinear model reduction
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Error bound

® Assumptions:
1. backward Eu
2. Inverse Lipsc

er: R"(y",u)=y" — ynl Atf(y"; t", u)

nitz continuity for G : (y; t,u) — y — Atf(y; t, u)

3. full-order simulation convergence criterion: [|[R"(y"; u)|| <€

Proposition [Carlberg et al., 2013]

The global error at time step n for any sequence (y°, 7', ..., ™) is

n—1 n—1
ly" = 7" < Zakbn—k < Zakcn_k
k=0 k=0
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() Nt Discrete optimality enables min bound
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Proposition [Carlberg et al., 2012]

The global error at time step n for any sequence (y°, 7', ..., ™) is

n—1 n—1
LS SETMES S o
k=0 k=0

» a:inverse Lipschitz constant » R : residual for sequence{j"}
» b, =€+ ||R"(7"; u)|] » P : Gappy POD operator
= e+ [|PR(5" u)l| +{I(/ — P)R"(7"; )]

+ Minimum-residual ROM solutions minimize b,
+ GNAT ROM solutions minimize ||PR"(7"; u)|

+ sampling algorithm: heuristic for minimizing ||(/ — P)R"(7"; u)||

» discrete optimality enables this!
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® |Introduction
® Gauss—Newton with Approximated Tensors (GNAT)
® Sample mesh

° Example
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® Goals:

» reuse existing simulation codes

* minimize computing cores

» scalability
® Key: GNAT samples only a few entries of the residual
® |dea: extract minimal subset of mesh

SO\ R

™
S VVAEDAS

GNAT nonlinear model reduction



=M Computing outputs cheaply
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® Observations:
» outputs are often defined locally in space (e.qg., lift, draqg)

» outputs may not be computable on sample mesh

® Qutput-computation step:
1.read POD coefficients y, computed by GNAT

2. assemble solution on minimal output-computation mesh

3.compute outputs

A\ /-

L
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® |Introduction
® Gauss—Newton with Approximated Tensors (GNAT)
® Sample mesh

° Example
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» 2.89 x10° nodes, 1.70 x 107 tetrahedral volumes

» 1.73 X 107 degrees of freedom
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=&—Experimental ==DES

drag coefficient

0 10 20 30 40

slant angle (degrees)
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@ oo GNAT model
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® POD bases
* ny=283
* NR=N=1514
® Sample mesh
» 378 sample nodes (0.01%)
» 17k nodes (0.59%)
» 56k elements (0.33%)

GNAT nonlinear model reduction



(Dl GNAT results: accurate and fast

Laboratories

0.28
=
qc_, 0.271 | — full-order model
5 — GNAT
E  0.267 —
S
O 0.5
(@)
| -
© 023
0% 0.02 0.04  0.06 0.08 0.1
time (s)
nodel relative # cores time, speedup in
error hours Cpu resources
FOM - 512 13.3 -
GNAT 0.68% A 3.88 438 \

+negligible error +wall-time decrease +supercomputer = desktop
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full-order
model

GNAT
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® Fixed POD basis and sample mesh (378 sample nodes)

0.28 I T T T
% 0.277 A — full-order model
O 0.261 1= Min. res. + Gappy (GNAT)
tq:) — Min. res. + DEIM
8 0.25¢ | — Min. res. + Collocation
O 0.24+ | — Galerkin + Collocation
©
© 0.23} |
"\
0.22 ' ' ' '
0 0.02 0.04 0.06 0.08 0.1

time (s)

oGalerkin ROM fails
» discrete optimality important

® Gappy POD: only complexity-reduction method that works!
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® GNAT method
» discrete-optimal approximations

* error bound justifies its design

© Sample mesh concept enables many fewer cores

» supercomputer = desktop

® Ahmed body example
» speedups over 400, error less than 1%
» other model-reduction methods failed

® Key papers

* K. Carlberg, C. Bou-Mosleh, and C. Farhat. “"Efficient non-linear model reduction via a least-squares Petrov—
Galerkin projection and compressive tensor approximations,” International Journal for Numerical Methods in
Engineering, Vol. 86, No. 2, p. 155-181 (2011).

* K. Carlberg, C. Farhat, J. Cortial, and D. Amsallem, “The GNAT method for nonlinear model reduction:
Effective implementation and application to computational fluid dynamics and turbulent flows,” Journal
of Computational Physics, in press, doi:10.1016/j.jcp.2013.02.028 (2013).
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1. Preserve classical Hamiltonian/Lagrangian structure [Tuminaro, Boggs]

» Goal: preserve key properties (e.g., energy conservation)

» Structural dynamics, molecular dynamics

2. Decrease temporal complexity via forecasting [ray, van Bloemen Waanders]

» Goal: decrease wall-time for nonlinear ROM simulation

» Exploittemporal data to reduce tota
3. Integrate ROMs within a UQ framewor
» Goal: quantify epistemic uncertainty

» Error bounds (i.e., certification’) not

# Newton its

K [Sargsyan, Drohmann]

due to ROM
useful in UQ

4.ROM interface for Sandia’s simulation codes [Cortiall

» Goal: easily apply nonlinear ROM methods to codes

» non-intrusive Trilinos-based ROM module

GNAT nonlinear model reduction
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0.28 . . . .
* Key collaborators
£ 027 \ — full-ord
C ull-ordaer
» Charbel Farhat @
S 026 1 — GNAT
» Julien Cortial Y 0.25 | — GN + DEIM
()
. 0.24} |
» David Amsallem @ GN + Coll
5 928 | = Gal + Coll
I\
O'220 0 62 0 64 0 66 0 68 0.1
time (s)
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* NSF Graduate Fellowship “W L

S

* Toyota Motor Corporation

* Army Research Laboratory

* Truman Fellowship program*

* Sandia is a multiprogram laboratory operated by Sandia Corporation, a Lockheed Martin
Company, for the United States Department of Energy under contract DE-ACo4-94-AL85000.
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